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Abstract 

In 1966, P. Giinther proved the following result: Given a continuous 

function / on a compact surface M of constant curvature —1 and its 

periodic lift / to the universal covering, the hyperbolic plane, then the 

averages of the lift / over increasing spheres converge to the average of 

^^ ' the function / over the surface M. In this article, we prove similar results 

r ) I for functions on the vertices and edges of regular and semiregular graphs, 

• ■ with special emphasis on the convergence rate. We also consider averages 

»^H ' over more general sets like arcs, tubes and horocycles. 

1 Introduction and Results 

> 

\^ , Let G be a graph with edge set E and vertex set V. We require that the graph 

is finite and connected. It may sometimes have loops and/or multiple edges; if 
^N I these are not allowed the graph is called simple. Let d{v) be the vertex degree 

f*-- ■ oi V E V, where we note that a loop at vertex v contributes 2 to its degree. We 

^D I shall only need the edge degree d'{e) for simple graphs G, where it is defined 

as the number of edges meeting e in either of its endpoints. Note that this is 
equivalent to the vertex degree of e in the line graph L{G) of G. Denote by 
S{v, w) the combinatorial distance between vertices v,w € V. 

><. 
jH , The universal cover G of any graph G is a tree with vertex set V and edge set 

E. It can be constructed as follows: choose a root vertex in G, let the vertex set 

of G be the set of non-backtracking paths in G starting at the root vertex, and 

define two such paths to be neighbours if they differ by exactly one edge at the 

end (see |0W| . p833). The projection map tt : G -^ G then associates a vertex 

V (i V with the terminal vertex in V of the path it represents, and an edge in E 

from iJ to w is mapped to the edge in E by which the paths v and w differ. If 

we are now given a real function / on the vertices V (or edges E) of G, we can 

lift it uniquely to a function / on the vertices (edges) of the universal cover via 

f = f ° 71". 

We define a vertex sphere S'r(i'o) — {v e V : S{v,vo) — r} on G. The edge 
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Figure 1: Vertex spheres on a regular tree of degree 4 

sphere is defined analogously as 

'5'r(wo) = {e = {x,y} e E : mm{5{x, vq), S{y, vq)} = r} 

The spherical mean of the function / on the vertices or the edges is now defined 
as 
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where we replace Sr by S'^ in the edge case. 



The purpose of this paper is to study the asymptotic behaviour of these averages 
as r — > oo for particular types of graphs, before looking at some other averages. 
We use an analogy between hyperbolic surfaces and regular graphs which has 
been studied by various authors (see e.g. the preface of [FNj ). The problem 
studied by Giinther [Giij in the continuous case translates to the case of the 
regular graph, where we obtain the following result: 



Theorem 1 Let G be a nonbipartite regular connected graph of degree d(v) — 
g + 1 > 3 and f : V ^ M a function on its vertices. Then we have for any 
basepoint vq € V 



' ' vev 



<Cg 
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Here Cq is a constant depending on G but independent of Vq, and f3 ^ [q ^' ^, 1) 
with lowest value (3 = q^^'"^ for Ramanujan graphs. 
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Obviously, this implies that 

^limM,.„(/).^^/W 
' ' vev 

for any vq G V. The norm ||/||2 comes from the inner product (/, g) — 
'^y^y f{v)g{v). We exclude bipartite graphs in this theorem because spheres 
of even and odd radii can have different limiting behaviour in this case - see 
Section [5] for details. We shall see in the proof that f3 depends on the spectral 
gap - recall that Ramanujan graphs are graphs with a large spectral gap (see 
e.g. [DSV] or [LPS]). 

Remark 1 The proof of Theorem]^ can be modified for averages over increasing 
circular arcs on G. A straightforward argument then allows us to use the result 
for arcs to prove convergence on increasing subsets of horocycles as defined by 
Cartier in fCaf . See Section\^for more details. 



The next result is concerned with functions defined on the edges of a regular 
graph. 

Theorem 2 Let G be a regular connected simple graph with d'{e) — 2q > 4 
and let f : E —^ W be a function on its edges. Then we have for any basepoint 
Vo&V 

^^...o(/)-r^E/(^)|^^G||/||2/3'- 
Here Cq is a constant depending on G but independent of vq, and (3 E [<Z^^'^, 1). 



Note that it is not possible to use Theorem[T]to prove Theorem [5] (and [3] below) 
by looking at the corresponding line graph L(G) for two reasons: the spheres 
on L{G) don't correspond to our edge spheres, and L{G) ^ L{G). (Recall that 
the vertices of L{G) correspond to the edges of G, and two vertices in L{G) are 
connected by an edge if the corresponding edges in G have a vertex in common) . 

Finally, we look at semiregular graphs, which are connected bipartite graphs 
where every edge connects a vertex of degree p + 1 to one of degree q + I, so 
that the edge degree is constant a.t p + q. We shall only consider functions on 
the edges of this type of graph, as the vertex case will be treated in Section [5] 
when we deal with bipartite graphs. 

Theorem 3 Let G be a semiregular simple graph with edge degree p + q, where 
p,q > 2, and let f : E ^ R be a function on its edges. Then we have for any 
basepoint vq £ V 



' ' eS-E 

Here Cq is a constant depending on G but independent ofvQ, and [3 € [{pq)^^'^ , !)• 
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Note that Theorem [3] only deals with bipartite graphs, whereas Theorem [5] holds 
for any graph, so it is not a special case of Theorem [31 We need p,q > 2 in. 
this theorem, as p = 1 can give a non-converging function on the graph - see 
the example in Figure 2 on if2,3- Taking the top left vertex as vq, we find the 
spherical average takes the values 1,-1,— 1,1,1,— 1,... for increasing r, and 
doesn't converge. 



Figure 2: Function on the edges of ^2,3: dashed edges have function value —1, 
others have function value 1. 

Before we turn to the proofs of the above theorems and discuss further results, let 
us briefly explain how spherical means are related to non-backtracking random 
walks (NBRW) . This is a topic which has been investigated thoroughly in recent 
years and is the subject of active current research. 

NBRW have been studied in the context of cogrowth, although there is a subtle 
difference between the way we calculate our average and the method used for 
NBRW. In the latter case, one calculates the probability with which a non- 
backtracking path in G with starting point v G V and length n will terminate at 
a vertex w; this is calculated for all w, and the resulting probabilities can be used 
as weights in calculating the average of a function / on the vertices. However 
in our case all non-backtracking paths are counted with the same weight, which 
in the case of non-regular graphs gives a different average. 

The concept of cogrowth on graphs was first introduced in the context of groups 
and their Cayley graphs. This was studied in the early 1980s by Grigorchuk 
[Gr] . Cohen [Co| and Woess |Woj . In the 1990s the apphcation of cogrowth was 
extended to arbitrary graphs, see for example Northshield [No] or Bartholdi 
[Ba] . We define the growth of the tree G by 

gr(G) = hmsup 1 5^(^)1 ^ , 

r — >oo 

and the cogrowth of the graph G by 

I 1 I I/t" 

cogr(G) = limsup iS'r(w) n TT^ (w)| , 

r — *oo 

both of which are independent of w G V, where 7r('D) = v lE V . Then the 
cogrowth constant is 77 = Ji££ilLJ.. 

Ingr(G) 

More recently, Ortner and Woess |OW| generalised the definition of cogrowth 
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and used it to study NBRW. They set 

cog'^{v,w) = J^c,r(7r"^(w)) 

where v = {i^v,r)y^Y ^^n is a sequence of probabiUty measures concentrated 
on the sphere Sr(v), subject to some regularity conditions. Choosing particular 
measures we obtain cogrowth or NBRW probabilities, which coincide in the case 
of a regular graph. In this case the results in their paper prove convergence of 
our spherical mean, however without giving information on the convergence rate, 
in contrast to the methods used in this article. In fact although various authors 
have investigated the spectrum of the non-backtracking adjacency matrix, which 
is related to the poles of the Ihara zeta function (see e.g. [ST^, |AFH| ) . they have 
not related this to the convergence rate of the spherical mean as defined here. 

The convergence of a simple random walk (which allows backtracking) on a 
finite {q + l)-regular graph G is discussed in |HLW| . where the authors find 
that the probability distribution of the random walk converges to the uniform 
distribution by a factor a < 1 at each step, where {q + l)a is the modulus of 
the largest nontrivial eigenvalue of the vertex adjacency matrix of G. They also 
find the lowest value of a appears iff G is Ramanujan. However this random 
walk allows backtracking, so we cannot use this result in the case of spherical 
means, as the paths that define the vertices of G do not allow backtracking. 



2 Proof of Theorem [T] 



We start by discussing Theorem [1] namely the case of a function on the vertices 
of a connected non-bipartite regular graph G of degree d{v) = q + 1 > 3. Let 
/ : T^ ^ R be a function on the vertices of a graph G. Then we define the 
Laplacian of / at w G V^ as 

where w ^ v means that the vertex w is adjacent to w. It is related to the 
adjacency matrix Aq of the (g -I- l)-regular graph via £g = ■^nii^G, which 
means it is a real symmetric operator with eigenvalues /x satisfying — 1 < /i < 1 . 
The eigenvalue —1 occurs iff G is bipartite, and we have excluded this case from 
the theorem as the result will not hold for such a graph (precisely due to this 
eigenvalue) . The simple eigenvalue 1 is associated to the constant eigenfunction, 
so for all nonconstant eigenfunctions we now have |/i| < 1. We will show that 
the spherical mean converges to the graph average, and then use the proof to 
calculate the convergence rate. 

There is an orthonormal basis of \V\ eigenfunctions (pi of the Laplacian, that 
is, Ccifi) = y^iVi and [viiipj) = Z^^gv '^*(^)'^i(") = for « ^ j. We start by 
proving the convergence of spherical means for these eigenfunctions. Let (po be 
the constant eigenfunction, and note that here the spherical mean Mr clearly 
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equals the graph average for aU r. Since '^y^y ^Piiv) = \/\V\{ipa, ipi) = for 
i y^ 0, we are left to prove that Mr{ipi) ^ for « = 1, 2, . . . , |V^| — 1 with the 
required speed of convergence. 

For each eigenfunction ipi ^ ipQ on G let ipi be its lift onto the universal cov- 
ering tree G, where it is also an eigenfunction of the Laplacian, and define the 
radialisation of (pi with respect to tiQ € V^ as 

WeSn(Vo) 

where n = S{vq,v). Fi is also an eigenfunction on G with the same eigenvalue 
/ii as ^pi , and as it only depends on n wc shall denote it Fi (n) for all v such that 
d{v(),v) = n. Observe that Fi{n) = Mn{(pi). Using Cp^{Fi) ~ fiiFi we obtain a 
recursion relation 

F,{n + 2) - i^^,F,(n + 1) + -F,{n) = 

the solution to which is given by Fi{n) = u+a" + u^a"i, where 

9 + 1 +1/77 

for D = {q+ l)^/if — 4(7 7^ 0, and u± are some constants derived from the initial 
values -Fi(O), -Fi(l), which in turn are determined by the eigenfunction ipi and 
the chosen basepoint wq. For D = 0, a± = a and Fi{n) — uia" + U2na"' for 
some constants ui,U2 G C. It then just remains to check that \a±\ < 1 and 
|na"| ^- to show lim„^oo Fi{n) = for i 7^ 0. 

For the calculation of the convergence rate we distinguish three cases: 

Case D < (|^i| < ^): We find |a±| = ^ and 

|F,(n)|<(|«+| + |^._|)(-L)"<C,g-"/^ 

for some constant Ci > which originally depends on «+ and u^, that is ipi 
and vq. Now there are only finitely many values of u±, because Fi is the same 
for any lift vq of one of the finitely many v (^ V. Therefore we can choose Ci 
large enough so that it is independent of vq. 

Case D = {\fj,i\ = ^f): Here we have 

mn)\ < {\m\ + \u2\n)q-^/^ < C', ■ {n + 1) ■ q-^'^ 

for some C[ > 0. Choosing Pi — g^i/^+s for some £ > and adjusting the 
constant Ci{e) appropriately, we obtain 

mn)\<C.ie)pr 
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for Ci{e) > independent oivo- 

Case D > (^j < |/i| < 1): We find a± are both real, and at least one of them 
satisfies 4= < |q;| < f. Let /3i = max {|a+(^i)|, |a_(^i)|}, then -j= < fj^ < 1 
and we have 

mn)\ < api^ 

for some Ci > independent of vq . 

A general function f : V ^ R can be written as / = X]i=o (^i^i ^'Hd we obtain 

\v\~i \v\-^i 

\^ ffiM < I 
1^1 



l^^-(/) - M E /(^)l ^ I E «^^'W ^ ( E i«^i^0/3n 



uev i=i 



Here /3max is the convergence rate obtained from the eigenvalue //max 7^ 1 of 
largest modulus as then /?i > /3i V z 7^ (so the larger the spectral gap of G, 
the smaller /3niax)- Applying Cauchy-Schwarz, we obtain 



M, 



■(/) - M E /(^)| ^ ^G^ E l«^l' /5max = C-G ||/||2 /?L 



where Cg = y/\V\ — 2 • max; Ci. Note that this convergence is independent of 
the basepoint vq, and that for Ramanujan graphs we obtain /3max == q^^'^ (or 
(7~^/^+^) as all their eigenvalues give D < 0. 



3 Proof of Theorem 



Theorem[5]concerns functions on the edges of a regular graph G, and the method 
of proof follows that of the vertex case apart from a small deviation towards the 
end. We no longer allow the graph to have loops or multiple edges, and require 
d'{e) — 2qy e G E. Let g : E ^ M. he a function on the edges of a graph G. 
Then the (edge) Laplacian of g at e G i? is defined as 






where a '^ e means that the edge a is adjacent to e in the sense that it has 
a vertex in common with e (note that this is equivalent to taking the vertex 
Laplacian on the line graph L{G) of G). We find that here the range of eigen- 
values of the edge Laplacian is smaller, namely —1/q < /i; < 1, as for any line 
graph the eigenvalues of the adjacency matrix are no less than —2, see [Do) . 
The recurrence relation now looks as follows 

Fdn + 1) + g-l-2M'V ,(n) + -F,{n - 1) = 
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Once again we want to show for —-< Hi < 1 that limn^oc Fi(n) = 0. For 
D = {q — 1 — 2fj.iq)^ — 4g 7^ we find again that Fi{n) = M+a" + u_a" , where 

this time 

q — 1 1 , — 

a± = a±(Aij) = A^j — ± ^vD 

2q 2q 

and for I? = we have Fi{n) — uia" + U2na^. 

For D < the proof now foUows that of the vertex case. Note that _D > for 
M e [~l/q, Hi) U (m2, 1] = /, where Mi = ^ - g"^/^ and /i2 = ^ + 9^^/^- As 
functions of /i, a± are both monotone on [— l/g,/ii) and (/X2,l], because ^<a± 
doesn't change sign in either interval. Calculating \a±\ for boundary values of 
/ gives \a±\ < 1 V /i € /, except a+(l) = 1 (which corresponds to the constant 
funtion) and |q;_(— 1/(7)| — 1. 



However Theorem 3 in |Do| states that any eigenfunction on the edges of a graph 
with eigenvalue —2 (which corresponds to /x = ^) must have X^egw /(^) = 
Oy vq G V, where e 9 wq means that vq is either the initial or terminal vertex of 
the edge e. But this is equivalent to saying that F,;(0) = OV vq ^ V. Observing 
that 2qfj.F,{0) = qF,{l) + qFi{0) we find F,{n) = V n e N, which means the 
spherical average of the corresponding ipi converges to zero as required. This 
completes the proof of the fact that the spherical mean of functions on the 
edges of G converge to the graph average. To find the convergence rates we 
work completely analogously to the vertex case in Theorem [TJ 



4 Proof of Theorem [3] 

Finally we discuss our third theorem, the case of functions on the edges of a 
simple semiregular graph with edge degree p + g, where we require that p,q > 2. 
As for Theorem [21 we reduce the problem to looking at the radialisation of 
nonconstant eigenfunctions of the edge Laplacian, which now has eigenvalues 
—r- < M ^ 1- Recall that edge circles are centred on a vertex, and we shall 
assume this vertex has degree p + I. 

Because G is semiregular, there is a more complicated recursion formula for 
the radialised eigenfunction F with eigenvalue /i on the edges of the universal 
covering tree G, given by 

m2k+l)\ fFi2k^l)\ 

\ F{2k) ) \F{2k-2)J 

I (p-l-M(P+g)) (g-l-p(P+g)) -P p-l-^iip+q) \ 

V 



A^ 



pq pq 



q-l-fj,{p+q) _1 

p p 



Hence ( |?(2fe) ) ~ "^'^ ' (f(o))' "^^^ convergence properties of the spherical 
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average are now determined by the eigenvalues of the matrix A, which are 



, , , (P - 1 - /^(P + q)){q-l-n{p + q))-p-q± ^^D{ij) 

t± = t±[fi) = 

2pq 

where D ^ D{fj.) ^ (^{p ~ I ~ fj,{p + q)){q - 1 - ^i{p + q)) - p - qj - Apq 

It turns out below that the convergence of the spherical mean can only fail if we 
have ^i such that |t+(/Xi)| > 1 or |t_(/ii)| > 1 (see formulas ([T]) and ^ below). 
Therefore we investigate |i±(//i)| for all possible /i^, and we distinguish the cases 
D{n) < and D{^i) > 0. 

For D < we have |i±| = — ^ which means the spherical average converges as 
required. When _D > we look at the various regions of /i for which D > 
separately. Note D ^ for 



''^^- WT7) 

and D > in the intervals /i — [rT^,/i \-), I2 — {fJ- ,Mh ) s-^^d /3(/x++,l], 

where the subscripts + and — refer to the choices of ± in fi±± in order of 
appearence. Solving ■w-^t± = gives /i' — 2t'^+) ^^ only solution for /i G 
Ii U I2 U I3. Calculating |t+| at all boundary values of li and at /i', wc find 
\t+\ < 1 with equality iS fi — 1 (constant eigenfunction) or /i = ^^, in which 
case we use Theorem 3 in [Do) again to find F{n) — V n e N as in Section [3] 

The second eigenvalue i_ is more problematic. If we have p, q such that the 
root y/{p ~ qy — 4(p — l){q — 1) is imaginary, we obtain |i-(/^)| < 1 for all /z; 
but when p and q are such that it is real, we choose 



_ p + g-2±V(p-g)2-4(p-l)(g-l) 

^^ 2{p + q) 

and derive that t-(l) = t_(^^) — 1 (solved as before), |i_(/x)| < 1 ior fi G 

(^7M-)U(/x+,l), t-(/i±) = -1, and i_(/i) < -1 for /j € {ij,_,fj,+). However, 
as we will show in Lemma [H below, there can be no eigenvalues fj, in the interval 
^•£-1 ^ £-1^^ where we assume that p < q {ii p > q use the interval {^^, ^^) 

instead). As [/i_,^+] C (|^, pTa)' ^^ ^^'^ *^^* l^-l < 1 fo'' ^^^ eigenvalues /i 
that occur, which proves convergence of the spherical mean. 

As for the convergence rate, we first assume that D y^ 0, and let u^, u^ be a 
basis of eigenvectors of A corresponding to the eigenvalues i+ , t_ respectively. 
Writing the initial vector ip/J) — ailLi + '^2?i2 '^^ ?^^<^ 



KF(0) 

(F{2k + l)\^ JF{1) 
\ F{2k) ) \F{Q) 



= ^'^ ( r^rni ) = «1^+^1 + «2i-^2 (1) 



For D < we now use the fact that |t+| = |t_| = -^ to find 
\F{2k + j)\<C,{^f for .7 = 0,1 

^/pq 
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with suitable constants Co, Ci both depending only on F{Q) and -F(l), hence 

\F{n)\ < C{pq)-^ 
for some C > depending on F(0) and F{1). 

When D > the convergence will depend on the eigenvalue of A with largest 
absolute value. Letting (3 = niax{|t-|-|, |t_|} and using the same methods as 
before we find 

\F{n)\ < CI3^ 

for some C > depending on F(0) and F{1), and — ^ < /3 < 1. 

Now in the case that D — 0, A has an eigenvalue t = -h= or -^i= of algebraic 
multiplicity two; choosing a Jordan base Ui, Uj and constants ai, 02 appropri- 
ately such that {pf2) — aiUi + 02^2 "^^ derive 

This implies that 

\F{n)\ < C" • (1 + n) • (to)"t < C/jt 

for C" > depending on F(0) and F(l), and /3 = (pq)^ 2+*^ for arbitrarily chosen 
£ > 0, and appropriately adjusted C. 

As with the previous two theorems, we write / — X]i=o ^i'^^i ^'^d use the 
largest value of (3 to find 

^.,.o(/)-r^E/(^)M^G||/||2/3'- 
where as before Cq > large enough to provide independence of vq G V. 
To complete the proof of Theorem [31 it remains to prove the following lemma. 

Lemma 2 Let G be a semiregular graph as in Theorem\^ Then the edge Lapla- 
cian has no eigenvalues fj, such that 

< /i < 

p + q p + q 

Proof Let G be a semiregular graph with ni vertices of degree p + 1 and 
n2 vertices of degree q + 1, where ni > n2 and all vertices of the same degree 
are mutually non-adjacent. Then a theorem by Cvetkovic (Theorem 1.3.18 in 
|CRSj ) gives the following relation between the characteristic polynomials Pg{x) 
and Pl{g){^) of G and its line graph L{G) respectively: 



\^ rii— n2 

-ai{x) 



Pl(g) (x) = (x+2)™ . ( -^^ j Pg (Vai(x)a2(x)) Pg ( - V«iW«2(x)) 
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where m — |i?| — |y|, ai ^ x — p+l and a2 = x — q+1. Recall Pl{g)W = for 

eigenvalues A of the edge adjacency matrix ^l(G)i ^ind as Cj^,^-. ~ ^— ^l(g) 

we have 

A 

p + q 
so A G [— 2,p + q]. Using the above formula for Pl{g)i we find its roots can 
only be A = —2, A — p — 1, or values of ±y^ai{x)a2{x) that are eigenvalues 
of the original graph. Note that G has only real eigenvalues. However since 
y^ai{x)a2{x) is purely imaginary for p— l<x<q— 1, L(G) cannot have 
eigenvalues in this region. D 



5 Further Results 



In this section we discuss some related results. 

Let us first revisit the case of bipartite graphs, which were excluded when we 
investigated functions on the vertices of a regular graph. We shall also consider 
semiregular graphs, with functions defined on the vertices, and we shall allow 
both types of graph to have multiple edges. The problem in Theorem [T] was 
the fact that there exists an eigenfunction of the Laplacian on a bipartite graph 
with eigenvalue —1, namely the function with value A, —A respectively on the 
respective parts of the graph. The spherical average then alternates between 
the two values as n — > cx) and never converges. We remedy this by modifying 
the graph and looking at the two parts seperately in the following way. Let Vi 
and V2 be the two independent sets of vertices (i.e. x o^ y^ x,y G Vi). Without 
loss of generality, suppose vq e Vi. Define a new graph G" with vertex set Vi , 
and an edge connecting x and y in G" for each non-backtracking path of length 
two between x and y in G. This gives us a regular non-bipartite graph G" of 
degree ^(q + 1), to which we can apply Theorem [ij Applying the same method 
to a semiregular graph gives a regular graph of degree {p + l)q or p{q + 1), 
depending on our choice of Vi (vertices of degree p -I- 1) or V2 (vertices of degree 
q + 1), and again we can apply Theorem [TJ Therefore, for a bipartite regular or 
semiregular graph, we have two limits of spherical averages for increasing even 
radii, depending on which part of the graph contains the base vertex. 






Figure 3: From left to right: the transition from G to G" 
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Secondly we find, as mentioned in Section [1] that we can in fact extend tlie 
result in Theorem [T] to increasing subsets of G other than spheres. 

We define a circular arc Ar on the tree as follows. Let e be a directed edge from 
vertex w' to w, then Ar{e) — Sr+i{w') D Sr(w) is based at w in the direction of 
e (see Figure 4). Now let X be a connected subgraph of T. We define the tube 
7^ in r of radius r around X as 

TriX) = {veV{T): min 6{v,x)^r} 
xev{x) 

where 5 is the combinatorial distance (see also Figure 4, where X consists of 
the thick vertices and edges). 





Figure 4: Vertex arcs and tubes on a regular graph of degree 4 

Lemma 3 Let G be a finite regular non-bipartite graph as defined in Section[^ 
and / : y — > M a function on its vertices. Then for any directed edge e 






<Cg I I/lb/?'- 



where Gq > depends only on G, and fi E [q ""^^ ^, 1) with lowest value P = q ^'"^ 
for Ramanujan graphs. 



Proof We use the recursion formula from Theorem [I] and as its convergence 
does not depend on the values of F{n) for n = 0, 1, the same calculations give 
us convergence of the arc average with the same convergence rates. D 



Remark 4 We can do the same for edge arcs, although we have to check what 
happens for ji — ~l/q: use X]e3t> /(^) = V uq G T^ from WoV as before to find 
f{e) + qF{l) = 0. Use C'F{1) = -|F(1) to obtain F{n) = (-l/g)"/(e) which 
clearly converges to zero as n —> oo with j3 = 1/q. 
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Corollary 5 Let G and f as above. Then 



1 






where C > depends on G and X, and /3 G [g ^'^, 1). 



Proof Tubes can be viewed as a disjoint union of several arcs (each with 
different e), so the result follows from Lemma [31 D 

Finally, we consider increasing subsets of horocycles on G to find a discrete 
analogue of a result by Furstenberg [Fu| on the unique ergodicity of the horo- 
cycle flow (see also chapter IV in [BMj ). Recall a geodesic 7 on the tree G 
is a bi-infinite non-backtracking path, which we shall denote by its vertices 

. . . , V-2, f-i, vq, vi,V2, ■ ■ ■ G V , where Vi ^ Vi+i and Vi ^ Vi+2 V i G Z. Recall 
i5(w, w) is the combinatorial distance between vertices v and w, and define the 
Busemann function 

^7,i'fc(w) = lim 5{w,Vk+n) - n 

n — ^00 

For fc G Z we then define the horocycle Hk — b^\ (k) (for illustration of horo- 
cycles, see also [FN] Chapter I Section 9). We shall consider subsets of the 
horocycle Hq defined by 



'Hj^rM = Hq nSriVr) 



as seen in Figure 5. 




Figure 5: Subsets 'H^^i{vo) and Hj^2{vo) of the horocycle Hq 



Theorem 4 Let G and f as above. Then 



l^7.'-('"o)| 



\V\ 



where Gq depends only on G, and P G [g^^", !)• 



Proof Note that we can view the subset of the horocycle as an arc 



W7,r(wo) = Ar({Vr + l,Vr} 
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so as r — > cxD we have a set of increasing circular arcs, where the origin of the arc 
changes at each step. But the convergence for arcs in Lemma [3] is independent 
of the origin of the arc, so the subsets can be viewed just as increasing circular 
arcs, and the theorem follows. D 
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